ENGINEERING ANALYSIS

we begin our studying ordinary differential equations (ODEs) by
deriving them from physical or other problems (modeling), solving
them by standard methods, and interpreting solutions in terms of a
given problem. We begin with the simplest ODEs, called ODEs of
the first order because they involve only the first derivative of the
unknown function, no higher derivatives. Our usual notation for the
unknown function will be y(x), or y(t) if the independent variable is

time t.

Modeling

If we want to solve an engineering problem (usually of physical
nature), we first have to formulate the problem as a mathematical
expression in terms of variables, functions, equations . Such an
expression is known as a mathematical model of the given problem.
The process of setting up a model, solving it mathematically, and
interpreting the result in physical or other terms is called
mathematical modeling or, briefly, modeling. We shall illustrate this

process by FOLLOWING examples and problems.

An ordinary differential equation (ODE) is an equation that
contains one or several derivatives of an unknown function, which we
usually call y(x) (or sometimes y(t) if the independent variable is time
t). The equation may also contain y itself, known functions of x (or t),
and constants. For example,
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(a) y'= cos X,
(b) y"+9y =0,

An ODE is said to be of order n if the nth derivative of the unknown
function y is the highest derivative of y in the equation. The concept
of order gives a useful classification into ODEs of first order, second
order, and so on. Thus, (a) is of first order, (b) of second.
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Example 1
The tank in Fig. 1 contains 1000 gal of water in which initially

100 Ib of salt is dissolved. Brine runs in at a rate of 10 gal/min, and
each gallon contains 5 Ib of dissolved salt. The mixture in the tank is
kept uniform by stirring. Brine runs out at 10 gal/min. Find the
amount of salt in the tank at any time t.
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Solution. Step 1. Setting up a model. Let w(t) denote the amount of
salt in the tank at time t.

c, =W _ 20 _G1msga  Initial condition
v 1000
c,=¥_ > _0005b/ gal
v 1000
dw
I = QinCin - QoutCout
W _ 10-0005-10- 2 o 20 - 10w
dt 100( 1000
dw 50— 10w
dt 1000

Step 2. Solution of the model. is separable. Separation, integration,
and taking exponents on both sides give:

dw 50— 10w

dt 1000
dw dt

50-10w 1000



Integrate both sides we get:
J- dw dt

50 — 10w ¢ 1000

In (50 - 10w)= 0.001t+c
50_ W = e0.001t+C _ k e 0.001 t
w = 50 —ke®™™ (1)

To find the constant k use the boundary condition:
Attime t = 0, c¢c,=01 Ib/gal.
. w, =100 Ib Substitute in equation 1

0

50-100= K
~k=-50

. General equation is :

W = 50 +50e°™'= 50 (1+ e
The amount of salt at any time is:

W = 50(1+e%™ ")

Leaking Tank. Outflow of Water Through a Hole
(Torricelli’s Law):
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EXAMPLE?2

This is another prototype engineering problem that leads to an ODE.
It concerns the outflow of water from a cylindrical tank with a hole at
the bottom (Fig. 2). A cylindrical tank with the radius of 2 m, the
hole has diameter 2 cm, and the initial height of the water when the
hole is opened is 4 m. Find a)Depth of water at any time b) The time
for the water needed to reach (1m) c) The time to empty the tank?

R=2m
I |
A = "F#_-_-___‘b Water laveal
r B at time #
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Fig. 2



Solution:

dy
AV)—= = O -
(y) it Qn — Qo
Ay) =(2) = 4z

Q= cd* z* r’ 29y
1 Z 0 - 1epr (o 0)1/2*98*

™t
Y _ o 4a0710%dt

Wy

I4427*104‘( Idt

j 9035.46 y *5dy = j —dt

9035.46 y°°
05

18070 .9 \/y =-t+ ¢
boundary condition J! aladiul sy ¢ il Aad Ay
y=H=4m att=0

= —t+c

18070 .9 \/4 = -0+ ¢

C = 36141.857
18070 .9 [y = — t + 36141 .857
a5 o) Al JAl clall Gac 48 T Lgﬂ\ el Ay
i

18070 .9 /1 = -t + 36141 .857 —> t = 18070.957 sec

To find the time required to empty the tank is :
18070 .9 /0 = -t + 36141 .857 —> [ = 36141.857 sec



SECOND ORDER DIFFERENTIAL EQUATION WITH VARIABLE
COEFFICIEWNTS

ol (e o4 WS g dale A4 Hha g Aald 38y jla | Jall g Hha cllia YAl (e g 5l 1ag]

L5 _ysriiall Clalaall iy Al A Hall (e Alialiill iV aleall e Lgwladin a1y g :dalal) 44y Hhl)
(Cauchy equation or Euller Jleiu

equation

AUl Ja g i) 8 68 gy 48y Hall 03gn Jall

L el dSiiall s jo (il Jalaall ) A 50 0585 O o

AXY"+B¥ +cy=0
P dall g )k
2 L s2i g Ay gllaall laidall a5 S g8 g A geae Mo ds Yy = X" -]
L X" e ) s 5 SUaaall Alsladl)
Lt a3 m AV () 5S5 Al dalaall -2
M, #m, Aids ;ddlide )sdn dlla 8-

Y, =C X ™ 4 CyX

Al g dalise Hoaall Al b -
m,, = a+ pi

Y, = X“(c,sin BInx+ ¢, cos BlIn x)

dgaie 4aal) H ol A 4 2
m,=m,=m
Y, = (¢, +¢,In x) x"

) o.\.&»(s.ﬂ X (e Yo ( X-a )u.nl.-.u\f\ dﬁ o)uc\.ia).-ﬂ\(gm u\.:i;y‘().anu ‘5_% - 4daa
(-2 ) @i X e Yausodle) il ghadll yuds aiis
Yo =Ci(X—a) ™+ C, (x—a)™



Example:
Solve second order differential equation
(x> =2x+1) y"+5(x-1) y'+6y=0)

Solution:

Let:
y=(x-1)

yl =m(X_1)m—l
y"=m(m-1)(m-2)""

Substitute in the original equation
x?—2x+1) y"+5(x-1) y+6y=0

(x=1)2y" +5(x-=1)y'+6y =0
m(m-1)(x-1)*(x=1)"? +5(x=1)(M)(x-)" " + 6(x-1)" =0

m(m-1)(x=1)" +5(m)(x-1)" + 6(x-1)" =0
(x=1)" e dalrall anss

m(m-1)+5m+6=0
m?2—-m +5m+6 =0

m? +4m + 6 =0

o _—4716-4%1%6
1,2 2

m,, =—-2% J2i

y, = (x—=1)%(c,sinv/2In(x - 1)+ ¢, cos+/2 In(x — 1))



T Aalal) Ay Hlall Ll
SOLUTION OF SECOND ORDER DIFFERENTIAL EQUATION BY
FROBENIUS METHOD (POWER SERIES)

gy yhall ohgy Jat Al AU s jall (e dplialal) Y aleall dalad) dapall o)

FL(X)y"+ F,(X)y'+F;(x)y =0
¥ pa -1

y'=Y an(n+r)x™

y'=Y an(n+r)(n+r—1) x™?

Al da )l e Alialiill Aalaall &y yry7 e JS Glansad Al

Y e oaliill Nz 0 dads gy sl an () jraal COllea 240 -3
rl!rz U:’Jhé‘;dmm

JENICRTIETR

Case 1

If r#r, >r—r,not integer
Case 2

If r=r
Case 3

If r#r, >r—-r, Integer

Y, Al gial) Al 63..3-4
y, = Zaanx n+h
n=0
@l 3 sSAal) AU Yl e alaie YU Y, aal) gial) Al T -5
Case 1-

nN=«a

n+r

y, = D, b,x""
n=0



Case 2-
y, = @y, If y, is familiar

Y, = Ay, Inx+ > b x™ If y, isnot familiar

~[ PO
e f,(x
o= [ p() =12
Y1 f, (x)

Case 3

y, = > b,x""= if b, can be foundas a,

n=0

y, = @y, If y, is familiar

y, = Ay, Inx+ > b x™* If y, isnot familiar
Example :

Solve the following second order differential equation by Frobenius
(power series) :-

62%y" + Tay’ — (L +2*)y =0, (0 <z < 00)
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o0 o0

62 Z(-72.+'r)(11 +r — Dapz™™™ +71!?Z(?1+ P)anz™ !
0 0
o

—(1+ ;1:2) Z a,z" " =0

{

Zh n+r)(n+r—1)ayz ”+’+Z n-+r)an et
0

0
o0 X

2
__,E an "t MZ wLiMH- —

0 0

20
S {[5(n+r)? 4+t — 1] ay —ano}a” =0,
0

..{6(71 ot 7‘)2 +n-4r - 1] Ay — p—y =0

foreachn = (0,1,2,....
In particular, n = 0 gives

(67"2 + o — 1) ag — G_o == 0

or, since a_y = 0,
(67“2‘ e 1) ag = 0.

Proceeding, with ag % 0, it follows
6r% +7 —1 =0

so7r = —1/2 and 1/3.
First, set r = —1/2.
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n=1: ay

n=2: s
n=3: as
n=4d: (y

n=29y: as

n=0": g

1 = 0}

1
o,

14
1
39
1 1

g T e,
(0

(76)(14)
1

195
1 1 )
186 7 (186)(76)(14)

1 = 0,

az = 0,

and so on. From these results we have the solution

y(x) = apx

= (?-(]Ui.(-’i-')|

VA B s e

! 1 1
14" ey (1) " (186)(76)(14)

Next, set r = 1/3.

a.n s

y(z) = apz*/? [1 + 51—;1:2 +

= au‘yz(i‘),

6(?1+ f;)‘g 4 e — %

Clyp e 2
1 4 1 6
2+ PANE
a16)3a) " T @ae)116)(34) "
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SYSTEM OF SIMULTANEOUS LINEAR DIFFERENTIAL
EQUATION
b)) &b jude (e S e g a8 Al S aleal) a0 4 dlialal) e alaall
-1 AUl JEall g Lol b dadl 43y 5l o 5 (A8i0al) alie ) Jlse yaie 5 (d800])
Example:
Solve the following differential equations:

d d—y—4X—y=et _______ 1
dt  dt
2
3—1( + 3X +(jjt—2y+y:0 ________ 2
Solution:
D :\MLA\ aaiiall i Wy
D—i = Dz—i
dt T dt?
P SV (2 5 1) slanall ¥alaall b (i g
2Dx+ Dy —4x—y=e' ——————— 3
DX + 3x + D?y+y=0—-——————— 4

Cadll dga (Bl il 5 bl dga A muay a8 patie JS Cuny Aalaal) i i ; Ll
S

2Dx— 4x+ Dy - y=¢e'
Dx +3x + D?y+y=0

DY 5 e bl Jalall At 1 GG
(2D-4)x+(D-1)y=e'——————— 5
(D+3)x+(D*+1)y=0——————— 6

Do LS 5 A8 ghiaa (0 YAl G

[ R
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Sl el Al pi A Al Grammer e S A& ylay ¥alaall a3 Jad s bl

X = =X y =
D D
e D-1 2D-4 ¢!
0 D*+1 _ p+3 0
" 2D-4 D-1 - [2D-4 D-1
D+3 D% +1 D+3 D?+1
B D% +e'
2D®-4D%*+2D-4-D?-2D+3
e te B 2e'
2D®*-5D%* -1 2D®*-5D%* -1
— De' - 3¢! —e'—3e! —4e!

Y= D' _85D_1_ 2D°-5D?—1  2D°-5D%_1

(2D® -5D%*-1) x=28"' ————————————— 7
(2D®-5D*-1)y=—4e' = — ——————————— 8

G dSday y VY 8 Ay xAYWA7 Adbedd) Csnal

Ubee (e 23L&y xXhand Xp (e IS 7 Aalas (e aniy 8 Aol 7 Aalas
yh,ypoeds 8
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L Alalal) adadll a¥aleall e lankill (e
1- spring mass system as shown in following example :

"ti X
- A i i K i {"’*‘1 £ 2 3
2 ky T ko =k, [
Ay W
v #

x' A AP A EF PN DT IEE DL

2L - "
E— )‘“i s F“_}'
| HI.I ”I‘z
ki x) ni i |
kyp (x) = x7) Kz (x = x2) kyx;
e g FE
ety
klxl %
kp (xp = x1)

mayax) 4 (k1 + ko) xy — kigawe = F(F),

Mol — kiswy + (ke + ko) xe = Fo(1).

e JS Saal o Cun ¥ alaall 038 Ja la S5 o3 3l Ayl Alasial Sy x| x,

2- The amount of the salt in a tank for more than one tank
15



Example :
Find the amount of salt in tank (A) and tank (B) with
respect to time ®(as a home work).

Tank A Tank B

I
‘Water loval
at time ¢

Al

Tank
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Even, Odd, and Periodic Functions

Before taking up our study of Fourier series, in the next section, we need to define
even, odd, and periodic functions.

Let f be defined on an z interval, finite or infinite, that is centered at x = 0.
We say that f is an even function if

[f(=2) = J(2),] (1

and an odd function if

| f(—2) = =/ (x), ] @)
for all z in that interval. That is, the graph of f is symmetric about @ = 0 if
f is even, and antisymmetric about = 0 if f is odd. Examples are shown in

Fig. 1. For example, 5, 2%, 3z, cos z, sin |z|, and e~ are even, and z, 3z°, 225,
sinz, and x cos x are odd.

There are several useful algebraic properties of even and odd functions, such
as the following:

even -+ even = evell. (3a)
even X even = evel, (3b)
odd + odd = odd, (3¢)
odd x odd = even, (3d)
even x odd = odd. (3e)

To prove (3e), for example, let F(x) be even and let G(x) be odd. Then F(—2)G(~x) =
F(z)[-G(z)] = —F(2)G(x), in accord with (2).
In addition, two useful integral properties are as follows. If f is even, then

A A
/ flz)dx =2 / flx)da, (f even) (4a)
—A J0
and if f is odd. then

oA
/ fle)de =0, (f odd) (4b)

— 4
for if we interpret the integrals in (4a) as areas (positive above the x axis, negative

below it), then the area [EJ‘ f(x) dx is equal to the [[}4 f(x) dz due to the symmetry

. . . N 0, A,
of the graph of f. And in the case of (4b) the areas [_, f(x)dx and fo fz)de
are negatives of each other, due to the antisymmetry of the graph of f, and hence
cancel.
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(a) £

~ ¥

(&)
fA

Figure 1. Even and odd.
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Alternatively, (4a) and (4b) follow directly from (1) and (2), respectively. For

xample, if f is odd, then

! -0 A
/ fle)de = / [(x)da + [(z) dx
J-a

—A J 0

-0 !
= [ renan+ [ pwds
J A J 0
A A
= / S(=t)dt + S(z)da
Jo Jo

A A
:/ ----- fyac+ | f(x)de

0
),

. 0 .
- / flz)de + / fla) de
( 0

)
=

s stated in (4b).

(z = —t)

(oddness of f)

5)

Note carefully that a given function is not necessarily even or odd; it may be
oth even and odd, or it may be neither. Every function can be uniquely decom-
osed into the sum of an even function, say f., and an odd function, say f,, as

emonstrated by the simple identity

fle) = 2 2

flx)+ f(—=z) . f(x) —ij_f(m."z:)

Je(a) + fo(),

or observe that

fea) = f(@) _ fla) — (=)

fol =) = D20 o )

L =

nd, similarly, that f.(—x) = fe(2).

19

= — fo(z)

(6)



EXAMPLE 2. For example, sinz is periodic with period 27 because sin (z +2m) =

sin 2 cos 27 + sin 27 cos z = sin z for all z. |

a periodic function f as

In graphical terms, one can think of the eraph of
an inked woodblock.

generated by stamping it out one period at a time, as with

IXAMPLE 3. The function f shown in Fig. 3 is seen to be periodic with period T" = 4,
or if the segment BC D, for instance, is “stamped out” indefinitely to the right and left we
renerate the graph of f. There is nothing special about choosing the segment BCD for
his purpose: ABC', or any other segment 0 f length 4, would do as well. @

1

e 7

Figure 3. Periodic function i-

Specifically, if f(x) is periodic, of périod 2¢, then we define the Fourier series
of f,say FS f, as

[o']
o nmwe LT
Fb f = {p + E ((Jr-ﬂ. cOs TI + bu Sil] ﬂ?;? ) '

n=1

where the coefficients are given by the Euler formulas

1t
ay = 77 [ f(x) de,
=L g7

1t nmwa
p = ? ‘/_{ / (iL') COS -T (_]‘{.’i,’, n = ]_ 2....
1 of

T
dz, n=12...

by = ? , f(x) sin n,:g

and are known as the Fourier coefficients of f.
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EXAMPLE 1. Square Wave. Consider the “square wave” f shown in Fig. I, where
f(x) is defined as 2 at & = 0,£m, +2m, ..., as indicated by the heavy dots. Since the
period referred to in Theorem 17.3.1 and in (5) is 2¢, and the period is seen from Fig. |
to be 2. it follows that ¢ = m. Both f and f’ are piecewise continuous on [-, 7}, so
the lhunun applies. Let us use (5) to work out the Fourier series of f and examine its
convergence to the square wave f using computer plots of the par tial sums of the series.

First, (5b) gives

| A

—y 4
» RN @« + ]
. + -
— I O b2 2 i Y
Figure 1. Sqguare wave.
L[ fwae= g [ s
ag = — ar = — T)ax
1 0 i
= - / {)d:c+/ ddz) =2
QTT o =T u ()
1 nwe 1 [
Uy = = / ) cos I / f(z)cosnx de
{ 4 P -
l T 4 sir !“’
- [ 0dzx + / 4 cos -;'z;.z:('!:f;] = M‘ =0 (8)
R 0 nmTo,
Thus the Fourier series representation of [ is
: 8 o |
T) =24 — — sinnx, '
J(x) i r];_nm“”' (1

where “1, 3, ..." tells us to omit the terms corresponding ton = 2,4, .. .. If preferred, (11)

can be expressed. equivalently, as

8 = sin(2n — 1)z
flz)=2+=7% ""(),“f’l—“ (12)
1 -



8 8
(L)Z}+—5111L+—‘31113L-—i:31115i+ (13)

2T QT
we define the partial sums of the series as

si(z) =2
8
salz) =2 + — sinw,
Y
8 . 8
sy(x) =2+ — sinw + — sin 3a
™ 3m

}‘ A

¥

Y NP,
VARVALVARVA

Figure 6. f in Example 2.

9 ¢ nmr
a, = % / f(zx) cos ”111 dr = / f(x) cos ——dux
0/,
L] nre ( 6) nme oL /'SU nre
- 2 — ) o8 —m dz 4 T — —— dT - cos —— ds
7 /n (2 —x) cos g f \ z = 6) cos — ) 5
L fpsinlnmalS) L (g T BT, ";‘fﬁ)} i
4 nw/8 (nm/8)? 8 8 lo
+1 1 ( nmT T 'rzm:) g sin (r'@.?r;iir/&)] l(’
- | ———={cos — + ——sin — | — 6
T [ A /8l
16 nw 3nm
== (1 — 2cos -+ cos —4-—) : (18)
Thus.
1l —2cos m—}—fns‘j”r
116 o= * %€ by N nwT
fla) = -1+ Zl ; cos —2=, (19)
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Note :

¢ I nmw m # "
COS —— COS dr = =1 # ()
. 4 4 .
: n=mn=~{
¥ N \
. mTwr . nwx m s n
Sin ——— SiI =
J_¢ 4 ¢ m =n # (
: mrxr . NTT ]
CO8 = $in . do =0 for all m, .
. £

where . and n are integers.

Application:

23



Half range series:
Some time a function of period 2z is defined over the range 0 to
2z, instead-~ to #, orto 2z. We have a choice to proceed.
1- Even function

fe:::{{ A

" N o
V4 Even function
X
For Even function
D
, nmwT _
flz) = E Uy COS —— (0<z <L)
| _— 2L
n=1,3,...
2 (L ; ( ) NI ]
L /g 2L,

24



For odd function:

20

. . nmwx
f(L) — Z bn 511 97, 3 (0 < T < L)
n=1,3,... -

dz.

2 . NI
I f(x)sin i

S ]

Odd function A

EXAMPLE 1. To illustrate, let us expand the function f, displayed in Fig. 4, in half-
and quarter-range cosine and sine series.

HRC: From (3),

A
F

Figure 4. f in Example [.
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For half range cosine expansion(will be even so bn =0and we
have to find a0 and an )

fext A

1 e Lo
(L{j:}*/ Fdx = = [,
0

L L
2 [ nwx 2 . nmx =L

(y = — £ cos da = — sin = {J,
L /g nmw L le=0

For half range sine expansion ( will be odd function and a0 and an =0
we have to find bn)

fe:(lA

Tr——ey

¥

o b nmwT 2F
b, = — Fsin — dr = ——— (cosnm — 1},
"L ./0 BT nw ( )

f(x) =

[ ]
25 1 — cosnim | nmwxT
g sit s

T T
=1

26



partial differential equation

trit contains partial derivatives of the denendent vari-
aDIe WIIN respect to two or more independent variables.

1. The diffusion equation
9 2 |
O Upp = Ut (® = constant)
2. The wave equation
2 2 . :
CUpg = Up (¢® = constant)

3. The Laplace equation
Ugg + Uyy = 0

EXAMPLE 1. Consider the diffusion problem

Llu] = oty — up =0, (O<a< L, 0<t <o)
w(0,1) = uy,  ull.t) = us, (0 < t < 20)
w(z, 0) = flx). (0 <a < L)

T A

&t — i, = 0

=1y = s

3 /
¢ = f(x)

27



According to the method of separation of variables we begin by seeking solutions of

w(a, t) = X{ax)T(t).

Substitute the above equation in the original equation

X = X T,
Divide both side by XT, we get

N 1 T’
D S = A
X 1 7 o _ o
I constant =— — &7,
o Y

This mean that both sides equal constant — =~ -

- oy ¥4
X7 o | 1 9 2
T anc e — Vi

X e D

/Y]” . f‘ﬂ?‘X == O,
T 4 w2 T = 0.
Solving the above two equations will gives the following equations:

X = A cosrx + 17 sin kx|
rI"r I Cfemﬂzﬁzﬁ

o= N1 = (A cos rx + I3 sin ) lfte et

To find A, B and C use the boundary condition;
u(0,t) =ul and u(l,t)=u2

28



F(z) = > K, sin ”’ZI (0 < 2 < L)

rr=1

> i oy .
o= — / F(xr)sin T g
L Jo 'y
To illustrate. consider a 10 cm-long copper rod held in boiling water until its temper-

ature is 100° C throughout. Attime ¢ = 0 it is removed and its ends are quenched with 1ce
for all ¢ > 0. (We can either neglect heat loss from its lateral surface or specify that that
surface be insulated.) Then o = 1.14cm®/sec (for copper), L = 10cm, uy = uy = 0,
and F(x) = 100°C,

: 40(
2 e nLT ), n odd
K, = 0 100 sin 0 dr == TLTT
0 ’ 0, n even
400 = 1 . nwT g0t
ulx,t) = — 8 e .
we, ) Z Tt 10
ne=1,3,0
For different time
uix.tyh
100 f=0—
r=0.2 sec
=] sec :

I =2sec

10 Ry

u(z.t) for the case where o° = 1.14, L = 10, u; = up = 0, and f(z) = 100,

The heat will change at different time steps and as example , different
time steps were choice :t=0.2,1 and 12

29



(2.0.2) = 12455 T 347 5 S ¥ e |

wlaz, 0.2) = 124.5sin — - 34.7 s1n - 14.58in —— + -,
‘ 10 10 10
. R . ¥ Y v

w(a, 1) = 113.8s8in — + 15.4sin —— -+ 1.5 51 —
' _ 10 10 10

3T L4 b

+6x1077

A

1

5111 ———— - -« -
]

w(x, 12) = 33.0sin j[f; 0.0002sin
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1

dowaiy lankat ¢ el <A Hhay VAl Ja ;A Alialall caaleal)

N

Nl ¢l 1 e AAT] ) A ) (e ALl Y slaal
(oo A 48 Hha ) ) dlududiall 45 jlay VALl da ¢ 5l 43y Hha

w

c:\_p)ﬁ\j:\:\.;j}\dbﬂ\‘ﬁJ}QLM‘%J}ﬂ\dUJ\:)g)}ém
L;J.d\c_imiaﬂjﬁa

ks ¢l i) G i s Y abaal) U - A ) Aalaladl) oy bl

(matrix inversion) & ks 4¥) Zlie VI ¥ alaall Ja ¢ il giadll
Jhm gl S A8y yhay g (0 ) 5o uslS AL Hhay (e S B3] 43y Hha

2 SY Ak ¢ dandial) 5 ) ¢ gl Jgan ¢ Apaaall 3k 8 Aadia

\l

g SY A3y yha ¢ (g0 48 < (5 5SS e ARy Hha (o]l Jail

oo

Gaussian 4& k¢ O puians 48y Hha 5 Cojaiall 40545 a1 gaaa]) Jalsl)
quadrate

o) Olalaall 48y 5k ¢ (gl ) (s Ay sk ka2 Sl s
3adaa il () 5 5¥) ALyl ¢ Baasa

10

L) ARyl ¢ Qb gl R ¢ QUG Ak AaY) adl) s Jiled) s
UsS elil, 3y ¢ Aandll

11

Al Al Jilose Jad aaaall Cd 5 8l 35, 4ha

12
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